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Abstract. Constructing an evolutionary tree has many techniques, and usually 
biologists use distance matrix on this activity. The evolutionary tree can assist 
in taxonomy for biologists to analyze the phylogeny. In this paper, we specifi-
cally employ the compact sets to convert the original matrix into several small 
matrices for constructing evolutionary tree in parallel. By the properties of 
compact sets, we do not spend much time and do keep the correct relations 
among species. Besides, we adopt both Human Mitochondrial DNAs and ran-
domly generated matrix as input data in the experiments. In comparison with 
conventional technique, the experimental results show that utilizing compact 
sets can definitely construct the evolutionary tree in a reasonable time.  
Keywords: computational biology, evolutionary tree, compact sets, branch-and-
bound. 

1   Introduction1 

An evolutionary tree is a model of evolutional histories for a set of species. It is an 
important and fundamental model in bioinformatical field to observe livening species. 
A meaning evolutionary tree enhances biologists to evaluate the relationship of a set 
of species in taxonomy. Hence, many methods have been proposed to construct the 
evolutionary tree. 

The majority of these methods are all based on two models, i.e., the sequences and 
a distance matrix. In the sequences model, they do multiple sequence alignment 
(MSA) for a set of species with corresponding DNA sequence first. Then an evolu-
tionary tree is constructed according to the MSA result. However, the MSA problem 
is NP-hard. In a distance matrix model, they determine the distance as the edit dis-
tance for any two of species first. Then these distances are formed as a distance ma-
trix. Finally, an evolutionary tree is constructed according to a distance matrix. Unfor-
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tunately, it is also an NP-hard problem to construct a minimum cost evolutionary tree 
from a distance matrix. 

A category of evolutionary tree called ultrametric tree (UT) assumes that the rate of 
evolution is constant. An UT is a rooted and edge weighted binary tree in which every 
internal node has the same path length to all the leaves in its sub tree. The minimum 
UT for a distance matrix is an UT that the distance between any pair of leaves on the 
tree is no less than the given distance and the total weight on the tree edges is mini-
mized. 

In the distance matrix, shown in figure 1, each value represents the distance be-
tween two species. The distance matrix D is symmetric, i.e. for all 0 ≤  i ≤  n, D[i,i] = 
0. Also, the matrix D follows the triangle inequality, i.e. for all 1 ≤  i, j, k ≤  n, D[i,j] 
+ D[j,k] ≥  D[i,k]. 
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Fig. 1. An example of distance matrix 

Some studies on constructing optimal evolutionary tree have been proven to be an 
NP-hard problem [3, 4, 6, 8, 9, 15]. The scientists could use the branch-and-bound 
technique to construct optimal evolutionary tree in a reasonable time [12] when the 
number of species is small. Although the branch-and-bound algorithm would detect 
an optimal solution, such capacities cannot effectively support the optimal evolution-
ary tree construction when the number of species exceeds 26.  
   In this paper, we specifically utilize the compact sets to convert the distance matrix 
into several small matrices for constructing an UT in parallel. We can not only obtain 
nearly optimal evolutionary tree but also keep the precise relations among species 
through compact sets by the property - the least common ancestor [14]. Of such an 
advantage, our work might contribute to the findings on the phylogeny.  

The rest of the paper is organized as follows: section 2 proposes some preliminar-
ies. Section 3 describes the methods for constructing the ultrametric tree in detail. The 
experimental results are presented in section 4. Finally, the conclusion is placed in 
section 5. 

2   Preliminaries 

An ultrametric tree is a rooted, leaf labeled binary tree, and each edge associates with 
a distance cost. The length from root to any leaf is equal. We can construct an UT 
through a distance matrix D representing a complete, weighted and undirected graph 
G. The graph G = (V, E) includes vertices V and edges E. We give some definitions 
below: 



K.-M. Yu et al. 

 

348 

Definition 1.  Assume that P is a given topology and i, j∈L(P). LCA(i,j) represents 
the lowest common ancestor of i and j. Assume a and b are two vertices in P, we de-
note a → b if and only if a is an ancestor of b. 

Definition 2. Assume P is a tree topology. R(P) is a relation - {(i,j,k}|a,b,c∈  L(P), 
LCA(i,k)=LCA(j,k) → LCA(i,j)}.  

The compact set has been extensively studied [5] but have not been applied to the 
evolutionary tree construction problem. We will list some properties of compact sets 
below: 

Lemma 1: Assume compact sets C exist in a tree T including elements i, j and k. The 
compact sets must satisfy a relation － least common ancestor. If and only if the rela-
tions ((i, j), k) and LCA(i, j) < LCA(i, k) = LCA(j, k) exist, then there is an adjacency 
relation in T like figure 2. 

Lemma 2: Let C be a subset of vertices V. If C is compact, then the maximum edge 
in C should be smaller than any edges between an element in C and that in V but not 
in C. 

Lemma 3: Let A and B be two different compact sets of V1. If A and B have intersec-
tion, then either A ⊂ B or B ⊂ A[5]. 

Lemma 4: If sub graph g is compact set, then the sub tree in g also belongs to the 

minimum spanning treeT . 

i j k
 

Fig. 2. An example of least common ancestor    

3   Proposed Solutions 

To construct nearly optimal UT for mass spices in reasonable time, we utilize the idea 
of compact set in our work. Firstly, we will find the compact sets from distance ma-
trix D and explore them to create several small distance matrices D’. Then we input 
the smaller distance matrices D’ to parallel branch-and-bound algorithm. Finally we 
can obtain sub trees T’ and merge them into an ultrametric tree T. We describe the de-
tails in the subsection. 

3.1   Compact Sets 

As above, we explore compact sets to separate the distance matrix D into several 
small distance matrices D’. If the elements in a subset S of X are closer than those out-
side S but in X, then S is a compact set. Also we could continuously find compact sets 
in S until exploring all sub sets. In this work we can find all the compact sets to clas-
sify the organisms by collecting the more relative species on the graph[17]. The found 
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found groups will keep the correct relations and could conduce to analyze the phylog-
eny. Thus we utilize compact sets to construct a more precise ultrametric tree. 

Initially we must find the minimum cost spanning tree to converge the closest 
groups and can probe the elements inside each group to discover all the compact sets. 
Take the figure 3 for example; if using the Kruskal’s algorithm, we can locate a 

minimum spanning tree T like figure 4, and the compact sets are 
{(1,3),(4,6),(1,2,3,5)}. We will continue using the algorithm below to verify the sub-

sets in T  to discover all the compact sets. 
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Fig. 3. The complete, weighted, undirected graph                Fig. 4. The minimum spanning tree  

Algorithm Compact Sets 
Input: A graph G = (V, E) with the vertex set V ={V1,  
       V2, …, Vn} and edge set E. Each edge has a weight. 
Output: All of the compact sets on the graph G.  

Step 1. Find the minimum spanning tree T  on the graph 
        G. )     //here we use Kruskal’s algorithm.  

Step 2. Sort the edges in T  in ascending order, which is 
        marked as (e1, e2, …, en-1).  
Step 3. P ← {{V1}, {V2,…,Vn}. 
Step 4. for i := 1 to n-2 
        { 
         1. Let a and b to be the end vertices of edge 
            ei, i.e., ei = (a, b).  
         2. Find A, B in P such that a belongs to A and b 
            belongs to B 
         3. A ← merge A and B 
         4. Delete B from P 
         5. Find the maximum edge in A, denoted Max(A). 
         6. Find the minimum edge between a vertex in A 
            and a vertex not in A, denoted Min(A, !A). 
         7. If Max(A) < Min(A, !A), then A is a compact 
            set. 
}  

According to the algorithm, the order of edges is (1, 3), (4, 6), (1, 2), (3, 5) and (5, 6) 

after sorting by the weights. The population P includes all the vertices in T , i.e. P = 
{(1), (2), (3), (4), (5), (6)}. We will firstly merge (1) and (3) together while coming to 
step 4. After the mergence, the P becomes {(1, 3), (2), (4), (5), (6)}. Continuously, we 
will find compact sets, (1, 3) and (4, 6). Worthy to be noticed is when we merge (1, 2) 
with (1, 3), we must examine if (1, 2, 3) satisfies the lemma 2. The maximum distance 
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in (1, 2, 3) is less than the minimum distance between vertices in (1, 2, 3) and (4, 5, 
6). Thus, (1, 2, 3) is a compact set. In the end, all the compact sets are (1, 3), (4, 6), 
(1, 2, 3) and (1, 2, 3, 5) like figure 5. 
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Fig. 5. Compact sets for the example 

We then create several small distance matrices D’ of three types which differ in the 
distance lengths stored in D’. These three matrices separately called maximum, mini-
mum, and average. In this paper, we only study the ultrametric tree constructed from 
maximum matrix. The construction procedure is as follows. While creating the maxi-
mum matrix of C4, we will examine the distances between elements in C4, i.e. (C1, C3, 
5). When considering C3 and (5), we must select the maximum distance, which is 6, 
between (5) and any element in C3, i.e. (1), (3) or (2). The resulted maximum matrix 
of C4 shows in figure 7. 

We shall discuss a situation that if there more than oneT exists. In the previous 

step when findingT , we need to examine and will obtain another T while replacing 

the edge of T  with that holding the same weight on the graph. Indeed the new 

T should satisfy all conditions after the replacement. Figure 7(a) and (b) provides an 

example that twoT s coexist in a graph. 
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Fig. 6. Maximum matrix of C4                             Fig. 7. Two minimum spanning trees in a graph 

We can keep the precise relations among species by discovering all the compact 
sets on the graph. Thus we could ensure the relationship of every species in the ul-
trametric tree is precisely preserved by the characteristics of compact set. Then we 
can use the parallel branch-and-bound technique to construct an ultrametric tree from 
the small matrices D’. The following is an introduction to parallel branch-and-bound 
technique. 

3.2   Parallel Branch-and-Bound Algorithm 

We input several small distance matrices D’ to the parallel branch-and-bound algo-
rithm to find sub trees T’. Branch-and-bound algorithm is an efficient tree search  
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algorithm for NP-hard problems. Some results about ultrametric trees have been pro-
posed in [2]. In the previous researches, Wu et al., [19] had proposed a sequential 
branch-and-bound algorithm to construct minimum ultrametric trees from distance 
matrices. 

For the parallel branch-and-bound algorithm, we utilize a heuristic algorithm 
UPGMM (Unweighted Pair Group Method with Maximum), which is altered from al-
gorithm UPGMA [15], to find the cost values as bound values in our algorithm. If any 
computing nodes are notified that the branching unable to create any better solution, 
we then remove the branch. Compared with the single processor system, the solution 
space in the multi-processor system will decrease greatly. Thus, the parallel branch-
and-bound algorithm could achieve super-leaner speedup. 

The parallel branch-and-bound algorithm in the master and slave paradigm is listed 
as follows. 

Parallel Branch-and-Bound Algorithm 
Input: An n * n distance matrix D. 
Output: The minimum ultrametric tree for D. 
Step 1: Master control node re-label the species such 
        that (1, 2, …, n) is a maxmin permutation. 
Step 2: Master control node creates the root of the BBT 
        (branch-and-bound Tree). 
Step 3: Master control node run UPGMM and using the 
        result as the initial UB (upper bound). 
Step 4: Master control node branches the BBT until the 
        branched BBT reach 2 times of total nodes in 
        the computing environment. 
Step 5: Master control node broadcasts the global UB 
        and send the sorted matrix the nodes cycli-
cally. 
Step 6: while number of UTs in LP (Local Pools) > 0 or 
        number of UTs in GP (Global Pools) > 0 do 
 if number of UTs in LP = 0 then 
  if number of UTs in GP <> 0 then 
   receive UTs from GP 
  end if 
 end if  
 v = get the tree for branch using DFS 
 if LB(v) > UB then 
  continue 
 end if 
 insert next species to v and branch it 
 if v branched completed then 
  if LB (v) < UB then 
   update the GUB (Global Upper Bound) to 
            every nodes  
   add the v to results set 
  end if 
 end if 
 if number of UTs in GP = 0 then 
  send the last UT in sorted LP to GP 
 end if 
        end while 
Step 7: Gather all solutions from each node and output. 
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When obtaining the sub tree T’ from the small matrix D’, each node will return it 
to the master control node. Finally, the master control node will merge all the sub 
trees T’ into the ultrametric tree T. 

4   The Experimental Results 

The experimental environment is built by a Linux-based cluster incorporating one 
master control node and 16 computational nodes. Computational nodes have the same 
hardware specification and connect with each other at 100Mbps and 1Gbs to server. 
Human Mitochondrial DNAs and randomly generated species matrix are the data in-
stances stored in the distance matrix. The experiments will process in two conditions: 
To construct ultrametric tree (1) with application of compact sets and (2) without 
utilizing compact sets. We will compare the differences in computing time and total 
tree cost. We can find compact sets on a graph and determine the maximum distances 
of elements in each compact set as the total tree cost while considering the ultrametric 
tree based on maximum matrix. The following experimental results of compact sets 
are shown based on the data of maximum matrix. 
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Fig. 8. The computing time for random    Fig. 9. The total tree cost for random data               
data set                                                                  set 

As the experiments on the randomly generated sequences, the averages computing 
time is shown in figure 8. Figure 8 illustrates the more species the more computing 
time we spend. In comparison with the method without applying compact set, the 
most time we save is about 99.7% and the least is 77.19% while using compact sets. 
Also we present the differences in cost between condition 1 and 2 in figure 9 and the 
results are based on randomly generated sequences. Figure 9 illustrates the total tree 
costs under two conditions are almost equal and the difference is less than 5%.  

As the experiments on Human Mitochondrial DNAs, we use 15 data set containing 
26 species for each and the total tree cost is presented in figure 10. The results show 
the maximum difference is 1.5%. In other words, the results demonstrate compact sets 
have the same effect not only on generated sequences but also on Human Mitochon-
drial DNAs. Figure 11 shows the computing time. Using compact sets can definitely 
save time but unexpectedly the experiments without compact sets also take little time 
except the last data. 

We also experiment with 30 DNAs and figure 12 represents the costs of 10 data set 
each including 30 DNAs. As figure 12, using compact sets could keep the cost down 
when we experiment on 30 DNAs as well as generated data or 26 DNAs. According 
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to figure 13, for computing time, the performances of the experiments on both 26 and 
30 DNAs are alike. 
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       Fig. 10. The total tree cost for 26 DNAs          Fig. 11. The computing time for 26 DNAs    
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     Fig. 12. The total tree cost of 30 DNAs             Fig. 13. The computing time of 30 DNAs 

No matter how many species on which we experiment, the computing speed is still 
extremely rapid without using compact sets. Although the experiments using compact 
sets do not take much less time, we suppose the phenomenon is relevant to the popu-
lation of the data. The computing time resulted from the experiment with randomly 
generated data can be a reference for any circumstance. 

5   The Conclusions 

In this paper, we employ the compact sets to convert the original matrix into several 
small matrices for constructing ultrametric tree in parallel. Of the compact sets, the 
precise phylogeny remains and facilitates biologists to analyze the species in taxon-
omy. Although we experiment with both Human Mitochondrial DNAs and randomly 
generated sequences, the results from generated data can represent any real instance. 
Therefore our technique could be applied in any condition. 
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