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Abstract: The sport of biking has gained in popularity recently, leading to public bicycle systems 
(PBSs) being adopted in many cities and communities around the world. However, developing 
and designing a successful PBS is challenging. This work proposes a novel problem called 
station decision problem for bicycle ad hoc networks. The problem is to find the minimum 
number of bike stations required while satisfying reachability and richness conditions. After that, 
practical geographic concerns, such as unreachable areas and maximum distances, are 
considered. Station decision algorithms are provided, with simulations conducted to demonstrate 
the effectiveness of the methods. Real site data are also plugged in to show the result of the 
station decision algorithms. 
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1 Introduction 

In recent years, biking has attracted much attention  
in the world. The volume of bike sales is increasing  
every year and more people ride bicycles for leisure, 
commuting or simply exercise. There are many reasons  
for this phenomenon. First, tourism has become one  
of the fastest growing sectors of the world economy (Dwyer 
and Spurr, 2010; World Tourism Organization, 2012). 
People in modern societies are under more stress and thus 
are looking for more leisure activities. Travel and tourism 
provide great opportunities to serve this purpose. 
Furthermore, after the global economic and financial crisis 
that began in 2008, local and inexpensive tours have 
become more attractive, making biking tours even more 
appealing. In addition, the 21st century is an era with higher 
environmental and energy-saving awareness. The global 
environmental crisis, we face has caused severe change in 
global weather. The energy shortage has led to a lot 
rethinking and adjustment of peoples’ lifestyle. In recent 
years, green issues have made biking more popular than 
ever. 

A public bicycle system (PBS), also called a Public Bike 
Sharing System, is an integrated, automated system for bike 
renting, which provides secure and convenient bicycle 
management for short trips. People can rent bicycles  
for their journeys to and from certain short-distance areas  
by paying a small fee. Furthermore, since many bike  
station facilities are located in different areas, bikers  
can rent bicycles from one station and return it at another 
station near their destination, which make it even more 
convenient to use a PBS. Many cities worldwide have 
adopted the idea of a PBS, and have built their own  

systems such as in Paris, France; Barcelona, Spain; Berlin, 
Germany; Washington, DC, USA; Montreal, Canada; and 
Hangzhou, China (Lin et al., 2013; Bührmann, 2007; Brook, 
2007; Midgley, 2009). Some successful examples are the 
Vélib’ system, Paris’ bike sharing system launched in 2007 
(Mairie de Paris, 2010; Anderson, 2007), and the Bixi 
programme, started in Montreal in early 2009 (Bixi 
Montreal, 2013; Time Magazine, 2008), which, in May 
2009, became the largest bike sharing system in North 
America and which integrated all the information 
technology available at that time into the system. The Bixi 
program was ranked by Time Magazine as the 19th best 
invention in their 50 Best Inventions of 2008. In Asia and 
other continents, PBSs are also attracting eyes of people and 
governments in various locales such as Hangzhou, China 
(Luo and Shen, 2009) and Mumbai and Pune in India 
(Ranjit Gadgil, 2010). 

The design of a PBS has evolved through several 
generations (Shaheen and Guzman, 2011; Shaheen et al., 
2010). The first generation, White Bikes, was launched in 
the mid-1960s in the Netherlands. These bikes were 
provided unlocked and free to use. This system failed 
quickly after its inception due to frequent theft  
and damaging to the bikes. The second generation, the  
coin-deposit system, used docking stations where bikes 
could be locked. Theft was still a major issue. The third-
generation, the information technology (IT) system, which 
is still in use, made the system more popular since it kept 
information about system usages and tracked users. The 
fourth-generation PBS goes further by incorporating a 
bicycle distribution system, linking itself to the public 
transportation system, and being more energy-aware. Most 
current systems are third- or fourth-generations. Information 
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technology, especially sensing technology, has begun to 
become deeply integrated into PBSs since the third 
generation, making the system more robust and interesting. 
Enhancement of the cycling experience has become an 
important issue and requires much system support for 
leisure (Eisenman et al., 2009) or professional cyclists 
(Marin-Perianu et al., 2010). Eisenman et al. implemented a 
prototype system for a bike net, which allows bicycle 
interconnection and bicycle reporting to the backend 
management systems. It monitors the network and evaluates 
the performance via personal, built-in and environmental 
sensing. Opportunistic networks are also applied in PBS 
systems (Pias et al., 2009). 

From the user perspective, there are many issues  
to consider for a PBS. A successful PBS should exhibit 
good quality of service (QoS), incorporating high-
availability, high-usage and cost-effectiveness. A high 
availability of bikes encourages high usage (Martens, 2007). 
In the case of high usage, the issue becomes much more 
complicated and many other factors come into the picture, 
including the station locations and station accommodations. 
Also, high customer satisfaction generates enthusiasm in the 
general public about cycling and raises public awareness of 
the system.  

Customers should always enjoy a hassle-free and 
pleasant experience. The providing of services becomes a 
key factor to the success of a PBS. Good services rely 
heavily on backbone network communication structures as 
well. The more complete and real-time the communication 
is, the more real-time services can be provided. Thus,  
it makes sense to build the entire PBS system under  
a bicycle ad-hoc network where bike-to-station and bike-to-
bike communications are allowed. Figure 1 depicts bike-to-
station communication. 

Since most PBSs are deployed in urban areas,  
finding available space becomes an essential yet difficult 
task, especially in crowded cities. Thus, it is necessary to 
study how to utilise the space wisely to make the system 
more cost–effective. The communication infrastructure  
for existing systems displays a hybrid characteristic.  
In one sense, the communication between bicycles and 
stations is in more of an ad hoc style and, in another sense, 
the station and back-end server can take advantage of 
traditional wire-line and/or wireless 802.11 connections.  
In our work, though, we consider bike-to-bike 
communication to be allowed. 

This study currently focuses on the determination of 
station locations in a given geographical area, such as a 
tourist region. Two factors are emphasised, namely 
reachability and richness. Reachability conveys the idea of 
reaching a location by using physical or virtual means of 
transportation or communication (Muhammad et al., 2008). 
Reachability represents how easily and conveniently the 
scenic areas can be accessed from other parts of the world 
through transportation, including mass transportation, such 
as cars, buses or trains. It requires parking spaces for  
 
 

cars and stations for public transportation, like buses or 
trains. Richness identifies the areas with plentiful scenery.  
It considers attractions with scenic beauty or other important 
features such as ecological richness. 

Figure 1 Bike-to-station communication (see online version  
for colours) 

 

One important issue for PBSs is to set up bike  
stations, which involves identifying appropriate locations  
to set up bike stations. In this paper, we first formulate a 
novel problem, called the station decision problem, 
identifying several issues such as: reachability, richness, 
forbidden areas and maximum non-stop riding distance, 
which are associated with bike station decisions. We then  
go on to propose efficient algorithms for this problem. 
Simulations are also conducted to demonstrate the methods’ 
effectiveness. 

This paper is organised as follows: the Introduction is 
summarised in this section. Section 2 describes related 
work. The station decision problem and the proposed station 
decision algorithms are elaborated in Section 3 followed by 
a description of simulation results in Section 4. Section 5 
concludes this paper. 

2 Related work 

Since the 1960s, the allocation of locations for certain 
facilities in a geographical area has been studied (Cooper, 
1963). The objective is to determine one or more locations 
for the facilities, given a certain amount of service-
demanding points. One important application for the 
location allocation problem is to determine public service 
locations such as fire departments, healthcare facilities, etc., 
so that residents of that area can receive efficient services 
when needed. Algorithms are used to design the facility 
locations so that each point is within the service range of at 
least one facility.  

Models (Rahman and Smith, 2000) have been built  
for location allocation problems, one of the most popular 
ones being the p-median problem (Hakimi, 1965), which  
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allocates p facilities so that the sum of the shortest weighted 
distances between these service-demanding points and the 
nearest facility is minimised. This tries to measure and 
optimise the convenience that the facility locations bring in. 
This problem was shown (Kariv and Hakimi, 1979) to be 
NP-hard for general graphs but to have efficient solutions 
for tree structures. Good facility locations can bring 
convenience for the people who need it; however, for some 
places with existing facilities, improvement to the facility’s 
accessibility can also enhance the QoS (Murawski and 
Church, 2009). 

For PBSs, station locations play an important role  
in the successful running of the system (Martens, 2007).  
It is demonstrated from the Dutch experience in promoting 
bike-and-ride that the availability of bike parking facilities 
can greatly promote the usage of bike-and-ride. Lin and 
Yang (2011) built a more comprehensive model for PBSs. 
Given a set of parameters such as origins, destinations,  
bike station candidates and travel demands, the model 
facilitated determining certain aspects of the PBS, such as 
bike station locations. Actually, most bike station decision 
methods follow the trend of bike station candidates  
being given as inputs to determine the true locations. 
Geographic information systems (GISs), which manipulate 
and analyse geographic information, have been widely 
applied in many geographically related studies and 
applications. García-Palomares et al. (2012) used ArcGIS to 
design a bike location decision system which took inputs 
such as the spatial distribution of demand, scenarios based 
on different number of stations, station capacity and station. 
The methods adopted were p-median and coverage. 

For this work, we would like to formulate another 
location allocation problem/model from a fresh perspective 
so that analysis and new schemes can be formulated and 
developed. 

3 Station decision problem and station decision 
algorithms 

The station decision problem in bicycle ad hoc networks 
considers a two-dimensional plane as the domain with a 
tourist area inside. There are entry points and scenic spots 
located in the plane. The entry points are the locations that a 
person must pass to get into the sightseeing area whereas the 
scenic spots are the locations with tour attractions that 
usually keep tourists there for some time. The scenic spots 
are normally located inside the scenic area. Note that each 
entry point or scenic spot is shown as a single, individual 
dot in the area. The entry points must satisfy the 
requirements of reachability; thus, they can be parking lots, 
bus or train stations, or any street cross-sections that people 
consider as starting points to the scenic area. Scenic spots 
are the representation of touring richness, which there may 
be beautiful scenes, historic buildings, ecosystems or even 
special boutique shops. 
 
 

For the real case, questionnaires were distributed and 
collected to define the locations that are considered as entry 
points and scenic spots in the scenic sites. Each entry point 
contains information on the percentage of people that went 
through this entry. The same information is supplied for the 
scenic spots as well. According to our survey, more  
than 80% of people think that the distance between the 
bicycle station and the parking lot (or bus/train station) 
should be within 200 m. Thus, we define the acceptable 
walking distance, w, to be 200 m. Survey results also 
indicate that most people who ride bicycles for leisure can 
ride an average of 5 km non-stop at a time. Owing to this, 
we define the maximum distance between two neighbour 
stations to be within 5 km. Additionally, all locations of 
bike stations shall conform to the restrictions of the local 
geographic environment, which limits the arbitrary location 
of a bike station. The stations should be put by the road 
where people can access them easily. The proposed station 
decision algorithms are based on these survey conclusions.  

An entry point or scenic spot is said to be covered if it is 
located within the acceptable walking distance of at least 
one bike station. Each point and its walking distance form a 
circle, as shown in Figure 2. Also, we say two points 
intersect with each other when the circles formed by these 
two points intersect each other. 

Figure 2 Two points intersect (see online version for colours) 

 

Another concern is whether the stations should cover all 
entry points found in the survey, which may not be 
economically sound since some entry points are rarely used. 
Thus, an entry population threshold, γ, is used as a variable 
to decide the percentage of entry population that should be 
covered. For example, if γ is 80%, then all bike stations 
should cover at least 80% of the entry population. We call 
this the entry threshold requirement. For scenic spots, the 
idea is to encourage more sightseeing in them. Thus, they 
should be all covered.  

This station decision problem is, then, finding the 
minimum number of station locations so that the following 
four conditions are satisfied: 

1 Entry threshold requirement condition: Certain 
numbers of entry points are covered so that the entry 
threshold requirement is satisfied.  

2 Coverage condition: All scenic spots are covered.  

3 Roadside condition: Location of station is required to 
approach the road and some areas are prohibited from 
hosting bicycle stations such as buildings, water areas, 
etc.  
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4 Proximity condition: The riding distance between two 
neighbour stations should be within 5 km. 

In this work, we propose two station decision algorithms. 
The first one, published as a preliminary work (Ouyang  
et al., 2012), is called Simple Station Decision Algorithm 
(Simple SD) to evaluate appropriate locations for bicycle 
stations when considering the first two of the above-
mentioned factors, entry points for reachability and scenic 
spots for richness. The problem can be transformed to the 
circle coverage problem (or Set cover problem) in graph 
theory.  

The second algorithm is developed based on Simple SD 
and considers two more factors: roadside condition and 
proximity condition. To construct the two-dimensional 
plane, polygons are used to describe forbidden areas such as 
buildings and rivers which generally cannot be crossed. 
Entry points and scenic spots may merge into single points 
in some obstacle areas. Roads shown in the remained area 
exclude polygons. 

There are three steps in the Simple SD algorithm. 
Originally, the target set (TS) is empty. The first step finds 
the entry points to be covered to fulfil the entry threshold 
requirement, and these points are put into TS. The second 
step includes scenic spots into TS and creates a relation 
between every two points in close proximity from the target 
set. The third step is to locate stations for each connected 
component formed by the relations created in the second 
step. The simple SD algorithm is described in detail as 
follows. 

Simple SD algorithm: 

Step 1: Find the entry points to be covered. 

Step 1.1: Sort the entry points into non-increasing order of 
entry percentages. After this, entries which are more 
frequently used in the scenic area become obvious to 
identify. 

Step 1.2: Include the entry points with higher percentages to 
target set TS until the entry threshold requirement is met. 
Those entries with lower entry percentages are discarded. 

Step 2: Create a relation for every two points in close 
proximity. 

Step 2.1: Add scenic spots to TS. Sort all the points 
(including chosen entry points and scenic spots) in  
non-increasing order of latitude. This step simplifies  
the work because the nearby points can then be quickly 
found. 

Step 2.2: Pair any two points in the TS, which can be entry 
points or scenic spots, by creating a relation between them 
when one point intersects with another point and the  
distance between these two points is <2w. A data structure 
here is used to keep track of those points appearing in more 
than one pair. 

Step 3: Create stations for each connected component 
formed by the relations created in Step 2. 

Step 3.1: After Step 2, points are separated into several 
connected components which contains either one, two  
or more than two points in each. In this step, create a  
station within range of w for each single-point  
connected component. These single points are then removed 
from TS. 

Step 3.2: Next, for each two-point connected component in 
TS, create a station halfway between the two points. Then, 
those points are removed from TS accordingly. 

Step 3.3: The remaining components in TS are those which 
consist of more than two points. In each component, starting 
from the point n with lowest latitude, find all neighbours of 
n which intersect n. Find two neighbours, l and r, of n which 
are most distant from each other. 

Step 3.4: If the distance between l and r is ≤2w, create a 
station in the centre of the three points: l, r and n. Or, if the 
distance is larger than 2w, create a station halfway between l 
and the leftmost neighbour (except l) of n. Next, remove 
point l from TS and continue this process for the leftmost 
neighbour of n until all neighbours of n are handled. 

Step 3.5: When all neighbours of n have been taken care  
of, remove n from TS. During this process, any point  
only intersecting with n is also removed from TS.  

Step 3.6: Repeat Steps 3.3, 3.4 and 3.5 for all nodes 
remaining in TS until there are no points left. 

Theorem 1: Simple SD algorithm takes O(n2) time to 
execute. 

Proof: The time complexity of Simple SD algorithm  
is computed and analysed as follows. Suppose that the  
size of entry points are n. Step 1.1 can be implemented in 
O(n log n) time by applying a sorting algorithm. Obviously, 
Step 1.2 can be implemented in O(n) time. Consequently, 
Step 1 takes O(n log n) time. 

Similarly, Step 2.1 takes O(n log n) time. Step 2.2 takes 
O(n2) time in the worst-case scenario. In total, Step 2 can be 
executed in O(n2) time. 

Evidently, Step 3.1 and Step 3.2 can be implemented  
in O(n) time. Step 3.3 needs only O(n) time with the  
help of Step 2.2. Step 3.4 needs O(n) time for executing 
each connected component. Since Step 3.3 and Step 3.4  
may be executed O(n) times, the Simple SD algorithm 
takes, in total, O(n2) time to solve the station decision 
problem.  

Algorithm Simple SD tries to minimise the number of bike 
stations while satisfying the first two conditions: the entry 
threshold requirement condition and coverage condition. 
However, the locations found in this way may be in 
prohibited areas. Thus, the algorithm needs to be refined.  
These prohibited areas are represented using polygons to 
surround the region in a two-dimensional plane. Thus,  
a new algorithm called Station Decision with Forbidden 
Area (SD-Forbidden) Algorithm is proposed. Several 
situations are investigated. The input contains the forbidden 
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regions (polygons) and the entry points and scenic spots. 
The output shows all station locations.  

Figure 3 illustrates the idea behind algorithm  
SD-Forbidden. Figure 3(a) displays the polygons of the  
forbidden area. The single-point case, paired-point case, and 
cluster case are in Figure 3(b), (c), (d) and (e), respectively. 
The algorithm works as follows. 

SD-Forbidden algorithm: 

Step 1: Prepare the polygon data. Read all the polygons and 
evaluate all the sides of the polygons including their lengths.  

Step 2: Prepare the data for entry points according to Step 1 
of algorithm Simple SD to satisfy entry threshold 
requirement. Then add scenic spots to TS.  

Step 2.1: For each place p in TS, find all the side edges with 
the shortest distance from p being less than the acceptable 
walking distance w. For each of this side edges e, calculate 
the sub-section of edge e for which all points in this sub-
section are within distance w from p. 

Step 2.2: For each of the sub-sections found in Step 2.1, find 
the nearest point on this side from p. 

//Steps 3–5 Locate stations depending on three cases.// 

Step 3: Single point case: this point does not intersect with 
any other point and need a dedicated station for it. Use the 
nearest point found in the shortest-distance edge (Step 2.2) 
as a station location.  

Step 4: Paired point case: check whether these two points 
share the same side edges or not (Step 2.1) and, if yes, 
whether their sub-sections overlap with each other or not.  
In case both are true, find a point in the overlapped  
sub-section and designate it as a station location. Otherwise, 
treat these two points as a single-point case and find stations 
for them. 

Step 5: Cluster case: find all shared sub-section of edges and 
evaluate the number of sharing points for each of them. Use 
a greedy approach to set up stations from the sub-section 
with the most shared points. Delete points which are 
covered after each station setup and continue the process 
until all points are covered. 

Step 6: Set mid-point station(s) for any two neighbour 
stations with distance over 5 km. 

Figure 3 The idea behind the SD-Forbidden algorithm: (a) polygons represent forbidden areas; (b) single-point case; (c) paired-point case; 
(d) cluster case – five points in the cluster and (e) cluster case –after deleting the covered points (see online version for colours) 

 
 (a) (b) 

 
 (c) (d) (e) 
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4 Simulation and results 
To examine the effectiveness of the proposed methods, 
programmes are written in C# and two sets of testing data 
are used. The first one is randomly generated by the 
programme and the second one is from a real site, the 
“Hsinchu 17 km Scenic Coastline” in Hsinchu, Taiwan 
(Hsin Chu City, 2013). The entry population threshold γ is 
set to 80%. The map information is in KML format. 

For the simulated data, entry points and scenic spots are 
randomly generated by the programme. In the simulation  
for Simple SD, 25 entry points and 20 scenic spots are 
initially generated in a 5 × 5 km2 scenic area. Since the 
acceptable walking distance is set to be 200 m, a small 
scenic area can easily demonstrate the effectiveness of the 
Simple SD algorithm. Figure 4 depicts the intermediate 
results of Simple SD algorithm for random deployment. 
Blue points are entry points while brown points indicate 
scenic spots. The red circle shows the acceptable walking 
distance range. The resulting station locations from the 
proposed Simple SD algorithm are green. In Figure 4(a), 
entry points with usage percentage are randomly deployed 
in the scenic area. The result of step 1, which sorts the entry 

points into non-increasing order of percentages and includes 
those points which satisfy the entry threshold requirement 
into TS, is shown in Figure 4(b). In Figure 4(c), the scenic 
spots are randomly generated and added to the scenic site. 
Step 2.2 pairs the points which intersect other points  
and creates a station for the points which were not paired 
(Step 3.1). The result is shown in Figure 4(d). Step 3.2 
works with the pairs and creates a station for each  
single pair as shown in Figure 4(e). Finally, Figure 4(f) 
demonstrates the result of connected components with more 
than 2 points. From the figure generated by the simulation 
program, it is shown that the Simple SD algorithm can 
successfully locate the stations which can cover all the 
chosen entry points and scenic spots. 

The simulation for SD-Forbidden is also conducted.  
A grid map of 30 km2 is used and the result is shown  
on Figure 5. The map in Figure 5(a) shows 10 entry  
points (blue) and 10 scenic spots (red) which are generated 
randomly. After applying the entry threshold requirement, 
only seven entry points stay as in Figure 5(b). Then, the 
stations are allocated in Figure 5(c) with some shared 
stations and mid-point stations. 

Figure 4 The intermediate results of the Simple SD algorithm for random deployment. Blue points are entry points, brown points indicate 
scenic spots, and the red circle shows the acceptable walking distance range. The station locations are green: (a) initial entry 
point deployment with percentages; (b) entry points left after satisfying the entry threshold requirement; (c) adding scenic spots; 
(d) creating stations for single points; (e) creating stations for single pairs and (f) creating stations for clusters (see online version 
for colours) 
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Figure 5 The results of SD-Forbidden. Blue is for entry points. Red is for scenic spots. Yellow is for stations: (a) with all entry points and 
scenic spots; (b) after applying entry threshold requirement and (c) with the allocated stations (see online version for colours) 

 
 (a) (b) (c) 
 
In the 17 km Coastline, the distance of the scenic route is 
~17 km. Tables 1 and 2 depict the information of scenic 
spots and entry points. Some of the entry points have very 
low entry population and are shown as 0 in the table.  
The usage percentages of entry points and scenic spots are 
collected from questionnaires and their exact locations are 
retrieved from Google Maps. 

Table 1 Scenic spots 

Scenic spots Location (latitude and longitude) 

SS1 24.849369, 120.927758 
SS2 24.846945, 120.922372 
SS3 24.840549, 120.918819 
SS4 24.832584, 120.915613 
SS5 24.82273, 120.909412 
SS6 24.808804, 120.917416 
SS7 24.780666, 120.914487 
SS8 24.765615, 120.903339 
SS9 24.745818, 120.897825 

Table 2 Entry points 

Entry points Location (latitude and longitude) User percentage

EP1 24.845981, 120.924647 46 
EP2 24.842807, 120.922651 6 
EP3 24.837569, 120.918617 9 
EP4 24.831162, 120.914626 4 
EP5 24.822399, 120.910828 10 
EP6 24.810694, 120.913703 0 
EP7 24.808162, 120.917544 0 
EP8 24.805084, 120.917952 1 
EP9 24.795033, 120.917587 9 
EP10 24.788722, 120.916879 0 

 
 

Table 2 Entry points (continued) 

Entry points Location (latitude and longitude) User percentage

EP11 24.78578, 120.915978 0 
EP12 24.78389, 120.915055 1 
EP13 24.778533, 120.916222 0 
EP14 24.763745, 120.906301 3 
EP15 24.760588, 120.9057 1 
EP16 24.742603, 120.894649 4 

The results of Simple SD algorithm is shown in Figure 6. 
Figure 6(a) shows the scenic spots and entry points in 
Google Maps. Figure 6(b) displays the polygons extracted 
from Google Maps, Figure 6(c) contains scenic spots and 
selected entry point, and Figure 6(d) shows the map with 
stations. For SD-Forbidden algorithm, the results are in 
Figure 6(e) and (f). It is obvious that the SD-Forbidden 
forces the station locations to stay on the roadside and 
establishes more intermediate stations. 

5 Conclusion 

In this work, a novel problem is formulated, which is the 
station decision problem for bicycle ad hoc network. Two 
factors, reachability and richness, as well as geographic 
restriction and a user-riding limitation, are considered in the 
problem. Moreover, two station decision algorithms are 
proposed to solve the station decision problem. The first 
algorithm, Simple SD, focuses on satisfying reachability 
and richness. The second algorithm then adds concerns for 
the other two conditions. The simulation results show that 
both algorithms can successfully locate the stations, as 
required by the problem in scenic areas. In the future, more 
factors shall be considered for this problem such as station 
capacity, routing distance, etc., to make the algorithm more 
useful in different scenarios. 
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Figure 6 Result of two algorithms for the “Hsinchu 17 km Scenic Coastline”. Red is for scenic spots and blue shows entry points.  
The stations are in yellow: (a) the Google map with scenic spots and entry points; (b) the extracted polygons; (c) polygons with 
scenic spots and selected entry points; (d) bike stations from simple SD are added; (e) bike stations from SD-Forbidden are 
added with Step 6 set to be 5 km and (f) bike stations for Step 6 set to be 3 km (see online version for colours) 

 
 (a) (b) (c) 

 
 (d) (e) (f) 
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